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Abstract. In this paper it is shown that the space of metrics of positive scalar 
curvature on a manifold is, when nonempty, homotopy equivalent to a space 
of metrics of positive scalar curvature that restrict to a fixed metric near a 
given submanifold of codimension greater or equal than 3. Our main tool is a 
parameterized version of the Gromov-Lawson construction, which was used to 
show that the existence of a metric of positive scalar curvature on a manifold 
was invariant under surgeries in codimension greater or equal than 3. 



1. Introduction 

The topology of the space of metrics of negative scalar curvature 7?.^ (A/") was 
described by Lohkamp |Loh92j . and it turns out that 7?."(M") is nonempty and 
contractiblc, when n>2> and M" is closed. 

On the other hand, the questions of existence and classification for metrics of 
positive scalar curvature are much more complicated. There are manifolds that do 
not admit a metric of positive scalar curvature. Any spin manifold M" for which 
n > 5 and A{M'^) 7^ is such a manifold. On the classification side, R. Carr |Car88| 
shows that the space of positive scalar curvature metrics on a sphere 5^™"^, m > 2 
has infinitely many connected components. Also, in general, it is not known when 
a given closed manifold admits a metric of positive scalar curvature. 

In this paper, we concern ourselves with the homotopy type of the space 'R-^{M). 
Since Surgery Theory is a major tool in studying manifolds, it is important to 
understand how the homotopy type of 7?.+ (A/) changes under surgeries. 

Let Af" be a closed manifold and TZ^{M") be the space of metrics of positive 
scalar curvature on Af" (which is assumed to be nonempty throughout this paper). 
The topology on this space is defined by the collection of C'^-norms \\.\\k on the 
space of all Riemannian metrics TZ{M"') with respect to some reference metric h: 
\\g\\k = niaxi<fe sup^./n 1^51- This topology does not depend on the choice of the 
metric h. Let N"^^^ C A/", fc > 3, be a closed submanifold with a trivial normal 
bundle. We fix a tubular neighborhood t: N x M, an arbitrary metric gN on 

TV, and a torpedo metric 170 on D'' (for the definition of a torpedo metric see below, 
pagelSJ, such that the metric gN + go has positive scalar curvature on iV x D''. 

Given these data, we define 

(1) 7^+(M") := {g G 7^+(M")|r* (g) = g^ + go}- 

Our main result is the following theorem. 

Theorem 1.1. Suppose thatTZ^{M^) is not empty. Then the inclusion map 

i: 7^+(Af) ^7^+(A■/") 



2000 Mathematics Subject Classification. 58D17, 57R65. 

1 



2 



VLADISLAV CHERNYSH 



is a homotopy equivalence. 

As an easy corollary we have the Surgery Theorem. 

Theorem 1.2. Let S'^ — > Af" be an embedding with the trivial normal bundle and 
Ti: S'' X Z)""*^ — > Ml be a tubular neighborhood for this embedding. Let M2 be a 
manifold obtained by doing surgery on this tubular neighborhood. If n ~ k > 3 and 
k>2 then 7^+ (Mi) and TZ'^{M2) are homotopy equivalent. 

The idea of the proof is as follows. From Palais |Pal66j . it follows that 7?.+ (M) 
and TIq{M) are dominated by CM^-complexes. Therefore, it suffices to show that 
the homotopy sets TTfe (JZ^ (AI) ,TZq {M)'j — 0, all fc > 0, and the inclusion map i is 
a bijection on path components of both spaces. 

The Gromov-Lawson construction gives us a deformation GL of a compact family 
gs G TZ'^{M) into TZq{AI). The only problem is that TZq{M) is not invariant under 
this deformation. The saving grace of the Gromov-Lawson construction is its local 
0(fc)-symmetry on normal fibres of N. 

Thus, we overcome this problem by introducing the space W{N,t) of metrics 
with a warped fibre. The space W{N^ r) is invariant under GL and we show that 
the subspace TZq{AI) is a weak deformation retract of W{N,t). 

The Greek letter k is used to denote the scalar curvature throughout the paper. 

I would like to thank Stephan Stolz, Bill Dwyer, and Larry Taylor for numerous 
discussions and their valuable advice with regard to this work. 

2. The Gromov-Lawson construction 

The Gromov-Lawson construction (see |GL80| . |RS01p allows one to conclude 
that if a closed manifold M2 is obtained from a closed manifold Mi by doing surgery 
in codimension > 3 and Mi carries a metric of positive scalar curvature, then M2 
carries a metric of positive scalar curvature. It is our main tool in deforming a 
compact family g^ e 71+ (M) into 7^J(M), see Theorems O EH andO 

Throughout this paper, we fix a tubular neighborhood t: N x D^^ M, an 
arbitrary metric gN on TV, and a torpedo metric go on D!^^ C R'^ of radius cq and size 
To — eqT (see the definition below), such that gN + go has positive scalar curvature 
on X . Since we assume that TZ+{M) is not empty, the original Gromov- 
Lawson construction gives us a metric Hq on M (of positive scalar curvature), 
which is isometric to gN + go near N. We also fix a vector bundle isometry </>: {N x 
R'^,(7euci) ^ (-L N,ho) (recall that one of our assumptions is that the normal 
bundle of N is trivial). We take the restriction (p: N x Dtq — >-L N and define 
To := exp^^ o (f): N X _D^^ M, where exp^^ is the normal exponential map for 
the metric Hq. Then Tq^Hq) = gN + go- By the uniqueness theorem for tubular 
neighborhoods we may assume that r = tq. 

In general, by a torpedo metric in the disc Dlj^^ , we understand an 0(fc)-symmetric 
positive scalar curvature metric which is a Riemannian product with a standard 
euclidean fc — 1 sphere near the boundary and is a standard euclidean k sphere 
metric near the center of the disc. More specifically, we fix a curve 71 in the plane 
{t, r) as in Figure ^ which follows a horizontal line near the point (0, 1), and then 
joins smoothly an arc of a circle of radius l.The curve 7^ is the image of 71 under 
the homothety of the plane with the coefficient e. If T is the length of 71, then eT 
is the length of je- Let 

T^, :={(x,t)eR''xR| {t,\x\)ej,}. 
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Figure 1. 

Here the metrics on R*"' and R are the standard euchdean metric. We take T^^ 
together with the induced metric and caU such a metric a torpedo metric of radius 
e and size eT. 

2.1. The Gromov-Lawson construction. We begin by briefly describing the 
main construction by foUowing ^RSOl) . For details, see |GL80| . |RS01| . 

We take a Riemannian product M x R and consider the restriction of the product 
metric to the hypersurface 

(2) T,{g)^{{y,t)eMxTl\{t,\\y\\)ej}, 

where 7 is a C°° -curve of finite length which lies in the first (NE) quadrant of R^ 
plane with coordinates (t, r), see FigureEl and \\y\\ is the distance from y to N with 
respect to the metric g. We call this hypersurface a neck. 

Definition 2.1. Let gs, s G S he a. family of pscm metrics continuously parameter- 
ized by a compact space S and 7 : R ^ R^ — {{t, r)} be a C°° isometric embedding. 
We call 7 an admissible curve for a family if the following holds: 

(1) 7(0) = (0, ro) with ro > is such that 7 follows the r-axis linearly from 
7(-oo) = (0,00) to (0,ro); 

(2) 7 intercepts the t-axis at a right angle and follows an arc of a circle (of 
possibly infinite radius) at this point; 

(3) the curve 7 crosses the line r = r^ only once and is symmetric about the 
t-axis, i.e. ^{L — s) = RfO ^{L + s), where L is a unique number such that 
7(L) S i— axis and Rt is the refiection about t-axis; 

(4) the injectivity radius of the normal exponential map for all gs is strictly 
greater than tq. 

The space of all admissible curves is denoted by F (note that the vertical segment 
is an admissible curve) and has a natural topology which is induced from the C°°- 
topology on C°°(R, R^). 

Remark 2.1. (i) Any curve 7 G F is uniquely determined by its part on [0, L]; (ii) 
For an admissible curve, the neck can be defined over the tubular neighborhood 
of N of radius by taking the part of the curve on [0, L] and applying the formulaEl 
above. 

Proposition 2.1. Let {gs} be a family of metrics parameterized by a compact 
space S and F be the space of admissible curves for this family. Then there exists 
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a continuous map 

S xT^ Enib°°(M, M x R) 

with the following properties: (i) for any pair (3,7) the resulting embedding f is 
constant outside of the normal tubular neighborhood Tbrg{N) of radius tq in the 
sense that f{x) = (x,0) for all x G M — Tbrg{N); (ii) f diffeomorphically maps 
Tbj.g{N) onto the neck T^. 

Proof. We fix a family of smooth increasing functions (f): (f)(r) = r + ro — -L if 
r > L > To, 4>(r) = r ii r < S, some < (5 < tq. Let be a submanifold of Tj 
which is diffeomorphic to N under the projection map p: M x Tl — > M and g^ is 
a metric on the neck induced from the product metric on M x R. 

Recah that L is the length of the curve 7 between the point where it intercepts 
the t-axis and the point (0,ro). The function (j) defines a diffeomorphism of the 
normal bundle 0: v{N) — > v{N), {x,v) > (x, ^j|jpw). Then the composition of 
maps 

TbLiN,) ^^^^^^ u{N,) ^ u{N) ^ 
u{N)^Tbr,{N) 

is a diffeomorphism of tubular neighborhoods which is the identity on all points 
whose distance from N is greater or equal than rg and less than ro + e", for some 
small enough e" > 0; all distances are taken with respect to the metric g. 

It is clear that we may add the points x £ M outside this neighborhood as {x, 0). 
Thus we obtain an embedding of M into A/ x R. □ 

The induced metric on the neck can be considered as a metric on the manifold 
M via the puUback by the embedding that we obtain from the lemma above. 

We call an admissible curve 7 horizontal if (i) the coordinates r(s), t{s) are 
monotone functions of s when s G (— oo,0]; (ii) it follows a segment parallel to 
t-axis somewhere between r = r^ and r — 0. 

Theorem 2.2. Let N be a closed submanifold of M of codimension k > 3 and 
gs be a continuous family of metrics of positive scalar curvature, parameterized by 
a compact space S. Then there exist a number of points (ti,ri) e R^, i = 0..5, 
see Figure\^ and a horizontal (along [tijt^] x r^) admissible curve 7 such that the 
scalar curvature of the neck T^{gs) is positive for all s € S. 

Proof. This is essentially proved in the original work |GL80| and improved in |RS01| . 
We only add that the argument goes through for a compact family of metrics. 

The first bend is small and occurs between ri and r2 and is followed by a straight 
line. The second bend occurs between rs and r4 and ends in a horizontal segment. 
If k is the signed curvature of the curve 7, then during the second bend k < 
Here, 9 is the angle between normal to 7 and i-axis. In addition, we can arrange 
that 

9sin6' 
"^^^ 

will still assure the positivity of the scalar curvature during the second bend. 

From the equations controlling the scalar curvature on the neck we see that the 
scalar curvature will always be positive on the part bending towards the i-axis 
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(k < 0) provided is small enough. We assume that the end part of 7 is exactly 
the torpedo curve 7^ (for e ^ r^). □ 

2.2. Initial bend. Let 7 be a curve in the plane {t,r), as in the statement of 
Theorem 12.21 In this section we prove that one can deform 7 through admissible 
curves into the r-axis, keeping the scalar curvature on the neck positive. 

Any admissible curve is uniquely determined by its curvature function k(s) on 
the interval [0, L]. So, we deform such a curve by deforming its curvature function. 

Let be a i5-cutoff function at a point sq G [S3, S4], i.e. a C°°-function equal to 1 
for all s < sq, and equal to for all s > 50 + *^ (the interval [53, S4] corresponds to the 
part of the curve between and r4). Let 7 := jO^so) be the curve corresponding 
to the curvature function ksg(s) := (5^0 ('S)k(s). 

Proposition 2.3. There exists a6 > such that for any sq € [53,54] the curvature 
k (which is equal to k^jj of the curve 7 satisfies 



k(5)< 



9 sin^(s) 
16 f(s) 



on this interval. Here, 9 is the angle between the normal to the curve 7 and the 
t-axis. 

Proof. Since 7 is the curve from Theorem 12.21 its curvature satisfies k < on 
the interval [53,54]. Consider the function 

i^: [53,54] X [0,1] ^ R 

9 sin 6'(s) 



(5,t) 



k(5 + - 



16 r{s) 



We have that -^([53, 54] x 0) < ^0 < 0, so there exists & 5 > Q such that i^([53, 54] x 
[0, 5\) < Ai < 0. We take a cutoff function corresponding to 5 and observe that for 
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Figure 3. 



all < s < (5 and all sq e [ss , 54] 
k(so + s) 



Ssoiso + s)k(so + s) 



< 




< 



9 sin6'(so + s) 
16 f(so + s) 



□ 



Now we can prove the following theorem. 

Theorem 2.4. Suppose 7 e F is as in Theorem \2.S\ where F is the set of admissible 
curves for the family gs . Then there exists a continuous map ai : [0, 1] — s- F such 
that 

(1) ai(l) = {r-axis}, Q!i(0) = 7; 

(2) the scalar curvature on each T^j^(t) is positive for all gs- 

Proof. From the proof of Theorem 12.21 we may assume that the signed curvature 
of 7 is given by a C°°- function k: [0, i] ^ R with the graph as in Figure and 

k(s)ds = 0. In this picture 54 — sup{s > 0|/(s) > 0} and S5 = inf{s > 0|/(s) < 
0} are positive numbers that remain fixed throughout the argument. 

We deform the curve by deforming its curvature function to 0. The delicate part 
is to keep the first and the second bends where they initially took place, and to 
keep the last bend confined within the region < r < r4. 

Now, we choose a small number < e < min(si,S5 — S4) and a linear path 
p{t) = S4 — S4 * t. We take e to be equal to S of Proposition 12.31 and take a cutoff 
function Cp^^) at p{t) with the parameter e. The deformation function kf is i^p{t} on 
[0,p{t) + e], and a carefully rescaled function on [p(t) + e, Lt] where it is non-positive. 
The curve 7(kp(j)) will satisfy the inequality |3| and therefore will give the positive 
scalar curvature on the neck. 

We set ai(i) := 7(kt). □ 

From Palais |Pal68j and Proposition 12. II we conclude that the puUback map 

Emb°°(M, M X R) X 7^(M x R) ^ 7^(M) 

is continuous. Therefore, we may regard ai as a continuous deformation of a family 
of metrics gs on M. 
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2.3. Middle stage deformation. During the second step of our construction, we 
further deform a given metric to a metric which on some tubular neighborhood of 

is a Riemannian product of and a torpedo metric of some small radius r4. 

Given a smooth family of metrics a: I TZ'^{X) on a closed smooth manifold 
X, we can put a metric on X x R. However, in general, the scalar curvature of this 
obvious metric g{x, t) = a(t)(x) + dt^ will not be positive. 

We fix a function i^: R ^ [0, 1] such that < F' < 2, F{t) = 0, i G (-oo, e]. 
Fit) = 1, t G [1 — e,oo), for some < e < 1/4, and for a positive number r we 
define a function Fr-.'R.^'R.hy Fr{t) = F(^). 

Let 

(4) g-^{x,t):=a[Fr[t)){x)+dt\ 

By Lemma on page 184 in |Gaj87| , there exists a number t > such that this 
metric has positive scalar curvature and is a Riemannian product near X x Q and 
X X to- 

Proposition 2.5. Let v = (E,B,p) be a finite dimensional vector bundle, and 
gi, g2 be two bundle metrics on v. Then there exists a canonical vector bundle 
isometry: 

\/ (91,92) 

{E,gi) ^ {E,g2) ■ 




B 



Proof. For each fiber V there exists a unique positive symmetric operator A on V, 
such that gi(u,v) = g2{Au,v). From the spectral theorem, there exists a unique 
positive symmetric operator B with the property B^ = A. We have: gi{u,v) = 
g2{Au,v) = g2{BBu,v) = g2{Bu, Bv). The operator y/ (51, ^2) :~ B: V ^ V 
provides the required isometry. □ 

Let 7 be the curve from Theorem 12.21 By gs we denote the family of metrics 
obtained by pulling back the induced metrics on the necks T^(f;s) C M x R via our 
canonical diffeomorphisms. 

Our goal is to deform the family gs further, so that the resulting metrics near N 
are isometric to g^ + 5oj where go is a torpedo metric of radius 1. 

The key observation here is the following. If we start with an arbitrary metric 
on M (not necessarily of positive scalar curvature) then the metric induced on the 
e-sphere bundle of N will have positive scalar curvature if e is sufficiently small. 
Here, the assumption that codimension is > 3 is crucial. In the same fashion, if T^^ 
is a "cap" (i.e. the neck for some torpedo metric curve 7^) of some small radius e 
over a neighborhood of N, then the scalar curvature of T^^ is positive. 

Theorem 2.6. There exists a continuous map 

02: S X I ^n+{M) 

such that: (i) a2{s,0) = gs', (H) t's (02(5, 1)) = gN+9o, where g^ is a fixed metric on 
N, go is the fixed torpedo metric of radius €0, and Ts := exp^^^.^ o^J (ho, a2{s, 1)) o 
(j): N X D^^^ M is a tubular map for the metric a2{s, 1). 



8 



VLADISLAV CHERNYSH 



Proof. Given a compact family of metrics (js on M, we define a family of metrics 
on the tubular neighborhood t{N): 

d: S X I MiT{N)), 

{s,t) i~> {1 ~t)gs +t{gN + gcuc\)- 

Here, gs denotes the restriction of gs to t{N), the metric ^cuci is the standard 
flat metric on D'' and the product is taken with respect to our fixed tubular map 
t: N X M. We take a curve 7^ corresponding to a torpedo metric of radius 

e and a cap 

T^,(a(s,t)) ■.^{iy,t) I {t,\\y\\)^7e} 

in t{N) X R. The distance from y to is taken with respect to d{s,t). We 
choose e such that for all {s,t) E S x I the metric a{s,t) is a diffeomorphism 
from the normal disc bundle of radius e into t{N), and the scalar curvature of the 
induced metric on the cap T-y^ {d{s, t)) is positive. For such a choice of e all caps are 
canonically diffcomorphic via normal exponential maps and the canonical isometry 
\/{gi,92)- (-L A^,5i) -> (-L N,gi) for any two such metrics gi and 32- 

Let 7 € be the curve in the plane (t, r), constructed in Theorem 12. 21 Recall that 
this curve comes with a choice of a number of parameters Vi, U. In particular, when 
r = r4, it follows the horizontal line between and ^5. Without loss of generality 
we may assume that e — r^. 

Let s €z S and C M x R be the neck corresponding to 7 and the metric gs- 
Let N' be the part of the neck for t > ts, N" the part for U < t < t^, and N'" 
the part for t < t4. Recall that the part of the curve that defines N' is exactly the 
curve 7e. The boundary of N' is the spherical bundle S{N) of N of radius e, which 
we consider as a submanifold of M. 

We pull the induced metric on the cap for gt :— d{s,t) to N' via our canonical 
diffeomorphism. This gives us a smooth family of metrics on N' , (3i : I ^ TZ^{N'). 
The metric /3i(l) is isometric to g^ + g^, where g^ is the torpedo metric of radius e. 
There is a canonical path from g^ to our fixed torpedo metric 50- It is obtained 
by taking a linear path from e to eo. Applying this path to fibers of the normal 
bundle we obtain a path (3:1^ TZ'^{N') as follows 

B( ) =/^i(2r), re [0,1/2] 

^ \/32(2(r-l/2)), re [1/2,1]- 

We have, — + go- The path constructed in such a way is not necessarily 
smooth in r at the point r — 1/2. However, we can always apply the standard 
smoothing procedure for piecewise smooth paths. So, we assume /3 is smooth in r 
everywhere. 

By the formula^ we obtain a metric g{x,t) := /3{Ftg{t — t4)){x) + dt'^ of positive 
scalar curvature on S{N) x [t4,t^], where to — -^jt^^j- In this formula, /3 is the 
restriction of /? to S{N). For a fixed ^4 we can always choose large enough, so 
that to is small enough to assure positivity of the scalar curvature of g{x,t). Near 
the boundary S{N) x t^ this metric is a Riemannian product of the restriction of 
gs to S{N) and the standard metric on R, near the boundary S{N) x t^ it is a 
Riemannian product of the metric (3{\)\dN' and the standard metric on R. 
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Wc now define a map 

(5) as : SxI^Tl+iM) 

'9s\t„ onN'" 
Q!2(s,r) = }i3{TFt^{t-U))+dt'^, on TV" 
^/3(r), on N' 

This map is continuous and it gives us the required deformation. □ 

2.4. Final deformation. After completing the second deformation, all metrics in 
the new family a2(s, 1), s € S have the required form gN +9o near the submanifold 
N with respect to their individual tubular maps. However, these tubular maps are 
not necessarily the same as our fixed tubular map t. Therefore, we need an explicit 
version of the unique tubular neighborhood theorem for a family of metrics. 

Let {gs} a family of metrics on M parameterized by a smooth compact manifold 
S. For our fixed metric ho we define a new family of metrics {gs,t '■= (1 — t)ho + 
t9s}ses,telo,i] on M. 

For any two numbers e* , e** > we fix a radial diffeomorphism ip : TL'^ — > R*^ 
with the properties: 

(i) ^(R'^) c D,,+,„K'' 

(ii) = id. 

Radial means tp{x) = X{\x\)x with A > 0. 

Since S and N are compact, we may find two positive numbers e* and e** such 
that for each pair (s, t) the map Ts,t '■= exp^'* o (xp) o (/lo, 3s,t) °(f'- N x R'^ Af" 
is an embedding. Here, the map \/(ho79s~i^ is the canonical isometry between 
(_L N,ho) and (_L N,gs,t)- Taking the restriction /i^^t := Ts,t\NxD^, for a fixed s G S, 
we obtain an isotopy of tubular neighborhoods of N, where each neighborhood has 
radius e* with respect to the metric gs^t- From the parameterized version of the 
Thorn's embedding theorem it follows that this family of isotopies is embeddable, i.e. 
there exist a compact neighborhood Vb of and a C°-family {i?s} of diffeotopies 
of M" such that hg^t = -ffs,t ° hsfl and all Hg^t leave points outside Vq fixed. 

We deform the family g^ further, so that the resulting family is equal to ho on 
the fixed tubular neighborhood t{N) C M. 

Theorem 2.7. Let gs = 0:2(5, 1), s d S be a continuous family of metrics param- 
eterized by a compact manifold S, such that T*{gs) — gN + go- Then there exists a 
continuous map 

03: s X I ^n+iM), 

such that a3{s, 0) = gs; T*{a3{s, 1)) = gN + go on NxD^^, where t: N x D^^ — » M 
is the fixed tubular map. 

Proof. Without loss of generality, we can assume that for each gg the normal ex- 
ponential map is a diffeomorphism on the normal disc bundle of radius Ti > Tq. 
For a number < c < 1 and a metric gs we define a diffeotopy of M as follows. 
Fix a family of increasing functions </>( on [0,Ti] parameterized by t G [0, 1], such 
that <Po{t) — T and (j)i{T) = ct on [0,To], <?!'i(t) = r near Ti. This family de- 
fines a family ^g.t of diffeotopies of M by a diffeomorphism of a normal bundle 
{x,v) 1-^ (x, ^^i^Tp-t') and then applying a normal exponential map of gs- Now, let 
Hs^t be a family of diffeotopies of M corresponding to the family gs^t defined above. 
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and e* be the radius of the tubular neighborhood which is embedded by this family 
of diffeotopies. We may always choose e* so that c = ^ < 1. We define 

[$s,3t, [0,1/3] 

*M := <^Jt-i°1>a,i, [1/3,2/3] , 

['^o.lt-2°H-lo^,^,, [2/3,1] 

where $o.i is the family of diffeotopies for the fixed metric ho- 
The map as is defined as 

The differential of ^s,i, when restricted to the fibers of the normal bundle is the 
canonical vector bundle isometry -y/ (gg, ho) between (_L N,gs) and (_L N,ho). 

We have r*(a3(s, 1)) = (^7i ° -^^-i ° ^o,i o t)* (gg). An easy computation shows 
that o Hs^i o $0,1 OT — Tg. □ 

3. Locally warped metrics 
We fix a nonnegative number i? and define a space 

W {h e n+{DJ^J I h = + /W'de'} 

of warped metrics in the disc with the additional requirement that the scalar curva- 
ture of h is greater than B everywhere in the disc. The metric d^^ is the standard 
metric on the euclidean sphere of radius 1 . 

The subspace W^°'^ C W consists of metrics that are isometric to the torpedo 
metric g^ near the origin g , see Definition 13.31 

The main result of this section is Theorem 13.101 which states that there exists 
a deformation of W into 14^'°'^ such that it does not change the metric near the 
boundary of the disc. 

3.1. Warped products. Here we briefly recall some facts about warped Riemann- 
ian products. 

Definition 3.1. Let {B,g) and {F,g) be Riemannian manifolds, and / a positive 
function on B. Then the Riemannian manifold {B x F, g + fg) is called a warped 
product. 

In particular, any warped product is a Riemannian submersion over the base 
{B, g) with respect to the projection tt on the first factor. To any Riemannian 
submersion tt: {M,g) — > {B,g) we can correspond two fundamental invariants A 
and T, which are (2, 1) tensors on M. 

Definition 3.2. For any two vector fields Ei and E2 on Af 

Te,E2 = HDvE,VE2 + VDvE,nE2, 

and 

AE1E2 = TiD-HEx^ E2 + VD'HEi'HE2. 

In the above definition, Ti. is the projection on the horizontal subspace of TM , 
and V is the projection on the vertical subspace of TM. 

The scalar curvature of the Riemannian submersion can be expressed in terms 
of the invariants A and T and their covariant derivatives. Let (Xt) be a local 
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orthonormal basis ofHx and {Ui) be a local orthonormal basis of Va;. The horizontal 
vector field on M 

j 

is called the mean curvature vector. Denote 



i 3 



T\' = y^y^{Tu,x,,Tu,x,). 



3 



The following is Corollary 9.37 from (Bes87| . 

Proposition 3.1. Let {M,g) be a Riemannian submersion over {B,g) and {Ff,^gb) 
is the fiber over b € B with the restriction metric gj, — glpf 

be the 

scalar curvatures of the corresponding metrics. Then 

(6) K = Kovr + K- |Ap - |rp - lA^P - 257V. 

3.2. Warped products over one-dimensional base with spherical fiber. We 

now restrict to the case where the base B is one-dimensional and the fiber is an 
(n — l)-dimensional sphere. Let B = (0,T) and S*""^ is the standard Riemannian 
sphere with the metric d^"^ . The object of our investigation is the space of warped 
metrics over B with the fiber S'^~^. Any such metric can be written as 

dt^ + fdf. 

The conditions under which such a metric can be extended to a smooth metric 
on an n-dimensional disc are given in the following proposition, which is Lemma 
9.114 in |Bes87j . 

Proposition 3.2. If we identify {x G R"|0 < |x| < T} with (0,T) x S"""! in polar 
coordinates, the smooth Riemannian metric dt^ + extends to a smooth 

Riemannian metric on {x G R"| |a;| < T} if and only if f is the restriction to (0,T) 
of a smooth odd function on {—T,T) with /'(O) = 1. 



Proposition 3.3. The scalar curvature n for the metric h is 

P f 



(7) « = 2)— ^-2- 



Proof. It is clear that in this case the tensorial invariant A is 0. From Proposition 
9.104 'Bes87l it follows that N is basic and 7r-related to the vector field — (n — 1)"^^ 
on B. It follows that 

\N\'^in-lf^. 
From the formula 9.105e in |Bes87j we obtain 

7" , f 



SN = {n- 1) 



/ P 
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Also, from 9.103 and 9.104 we get Tu^X^ = ~j^i^Uj and 

= y ^^iN,X,f ^-^^^{n-l)C■ 
Since our base is 1-dimensional, the scalar curvature k — Q. The scalar cur- 
vature of (n — l)-dimensional standard Riemannian sphere of radius / is equal to 
(n-ij(n-2) ^ Substituting intoiniwe obtain 



(n-l)(n-2) .■,(f'-f'^\ , 1,2./" I 

- 2(n - 1) — + — - (n - 1) - (n - 1) — 



P -V/ ' /V ' P ' 'P 

P f 



(n-l)((n-2)— ^-2^ 



□ 



Any smooth odd function G on (— Tq, Tq) gives rise to a radial diffeomorphisni 
of euclidean discs 

T(G): Dt„^Dg^To), 

defined by the formula 

(8) .^£M,. 

For an even function g on [— TojTo], we set G{t) — g{T)dT to obtain a diffeo- 
morphism from to Dt, where T — G{Tq). 

In the proof of Theorem 13. 101 we will need to deform such a diffeomorphism to 
a diffeomorphism which, near the origin, is multiplication by a constant. 

Proposition 3.4. Let T(G): Dtq Dt be the diffeomorphism of euclidean discs, 
corresponding to an even function g on [0, To]; T :~ jj"" g{T)dT . Given any number 

v <T , let V* be such that g[T)dT = v. Then there exists a canonical continuous 
deformation Ta(G): Dto ~^ Dt, X € [0,1] such that (i) To(G) = T(G); (li) 
Ti(G)(x) = on D^,; (lii) Ta(G) = T(G) on an annulus ^^^p^ < \x\ < Tq. 

Proof. For the proof it is enough to canonically construct a function gi such that 
gi{t) = ^ on [0,1/*], 51 = 5 on [^,To], and gi{T)dT = J^" g{T)dT. Then 
the required deformation is given by 

Ta(G) = T((1- A)G + AGi). 

Let 

^(i/*+To)/2 

A = g{T)dT, 

A' = min(A^f^-l 



2 

From the Lemma 13.61 below we can canonically construct two cutoff functions 
and 02 with the following properties: (i) (pi is a decreasing function, equal to 
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when < t < u* , and equal to when < i; 02 is an increasing function, 

equal to on [0, v*], equal to 1 when ^ < t; (iii) 



{u'+Ta)/2 



1 



j ^ Mr)dT = -A', 

02(r).9(r)dT = J ^ g{T)dT. 

The function gi = 0i + 025 has all the required properties. □ 
In general, a warped metric h in the disc I?To is given by the formula 

g^{t)dt^ + f{t)d^^. 

One can think of 5 as a diffeomorphism from D^a to D^, T — G(Tq), which provides 
an isometry between h and h = dt^ + ,f^d£^^ with f{t) — f{G^^{t)). The curvature 
of h is 

(9) ^ - ^^^{{n-2Kg'-r'9)-2f"fg + 2f'fg'). 

We fix a family of diffeomorphisms of cuclidean discs 

(10) Tt,t,: Dt,^ Dt,, 

which are radial, i.e. TtiTsI^:) — X{\x\)x with A > 0, and are radial isometries near 
the center and the boundary of the disc. 

This allows us to consider a family of metrics hx — {gx, fx), A G [0, 1] on discs 
as metrics on Dtq, our fixed size disc. 

3.3. Deformation of warped metrics in the disc. We deform a warped metric 
by taking a composition f(Tp\{t)), where ipx is a family of nondecreasing smooth 

functions. For example, if the family ^|Jx is such that for some point c, ip["'\c) = 
for all n > 1, then it means we have created a collar for the metric (1, f{4>i{t))). 

Creating a collar with certain properties is the most delicate and hard step in 
the deformation process. Lemma l3.5l together with the curvature equation|7|tells us 
that for any warped metric we can create an arbitrarily large amount of curvature 
arbitrarily close to the center of the disc. Lemma rTTI tells us that once we have this 
large amount of curvature, we can bend out a collar. This deformation is realized 
in Lemma I3. 81 

In Lemmas 13.51 and 13.71 below, we construct a family of functions defined on 
varying size intervals. From the formula |lQI it makes sense to talk about continuity 
of such deformations with respect to the Frechet topology on C°°[0,To]. 

Lemma 3.5. Let Ci < I, t* < To/2, and a E {0,t* /2) be positive numbers. Then 
there exist positive continuous functions C{C'i, t*), T[\), A € [0, 1], and a family of 
functions ^x.a on [0,T(A)], see Figure^below, continuously depending on Ci, a, 
t* , and A with the following properties: 

(1) ^A,a(o) = o, i^xATW)^t*; 

(2) i^oAt)^t; 

(3) V^i',. < Ci; 

(4) <«<0on [^,^ 

(5) > 0, when ^xAt) ^ TS^*] 
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Figure 4. 



0, 



40 



(6) i'lJt)^l,for^xAt)(^ 

(7) 0<l-CiCut*)<4''^Jt), allte[0,T{X)]; 

(8) on an interval [:^, ^^*], ''/'a, a follows a straight line 
with the slope 1 — AC(Ci,i*). 

Proof. Wc fix a smooth function 9q on (— cx3,cx3), not identically 0, such that is 
on (— oo, 0] U [1/20, oo), < Oq < 1. The function C can now be defined as 

r.t*/20 



(11) 



da — Cit* ■ Const. 



The family ipx^a will be defined as a solution to the differential equation 

(12) <o(i)=^A,a(i) 

with the initial conditions V'A.a(O) = 0, ip'\ ^{0) = 1, and a careful choice of the 
function Ox^t) on [0, T(Ci, i*)]. To begin constructing function Ox.a{t), we con- 
sider the equation 1121 with the same initial conditions and a function f?o,A.a(0 = 
— ^XCi9o — 1/20) on ^ and otherwise. It is clear that the solution 
will be a smooth increasing function whose graph in the {t, s)-plane is a curve that 
follows a straight line with the slope 1 — XC{Ci , t* ) > on i > . It will intercept 
the horizontal line s = ^ at some point tA which continuously depends on all 
possible parameters. We can now define the function 6x^a as follows: 

-fACi0o(^-l/2O) ifie 

(13) 0A,a(t) = <|aCi0o(^) iHe 
^ otherwise 

Clearly 9x,a is a smooth function. One can easily check that the solution 



at* at* 
40 ' 20 

tx,tx + 



20 



(14) 



■4'xAt) = t + 



Jo 



^a{a)dadT 



to the differential equation 1121 with this function has all the required properties. 
This finishes the proof. □ 




Figure 5. 



Lemma 3.6. Let(j)Q be a smooth nonincreasing cutoff function on [0, 1], i.e. (t>o(t) — 
1 for t < 0, and ipoit) = for t > 1. Let < c < 1. Then, for any continuous 
nonnegative f on [a, 6], a ^ b, which is not identically 0, there exists a unique 
number n > such that 

I' ( (^) 1 ^^^^'^^ = 
The number ^ is a continuous function of f and c. 

Proof. This is a corollary of the Dominated Convergence theorem. □ 

Lemma 3.7. Let Ci < 1 and t* < Tq/2 be two positive numbers. Then there exist 
positive continuous functions a — a{Ci,t*), T{X), a € (0,t*/2) and A € [0,1] and 
a family of functions ip\ on [0, r(A)], as in Figure\^ below, continuously depending 
on A with the following properties: 

(1) ^a(0) = 0, MT{X))=t*; 

(2) Mt)^t; 

(3) V-aW < T" '^^^^ > 0' 

(4) = 1, forMt) G u [^i*,^*]; 

(5) < < 1 ; 

(6) Vi"^ (a) ^0, alln>l. 

Proof. We construct ip\ as a solution to a second order ordinary differential equation 



(15) ib'lit) = 0x{t) 

with the initial conditions tp\{Q) — and V-'a(O) — 1- The function 9\ will be 
defined as 0\ — XOi, where 9i is constructed in a few steps. First, we start with 
the differential equation 

with the initial conditions /(a) = e, /'(a) = with e < a. The solution to this 
equation is /(t) ^ Ci{thit-t)~{Ci\na)t + aCi+e. Let = ae^. Then /'(to) 
1.1 and fito) = a {l.le^ + Ci - Cie^) + e. The function h{t) := - iei + t 
is a decreasing positive function on (0, oo) that goes to oo as i goes to 0, and goes 
to as i goes to oo. Also, if t > 0, then h{t) < e*. If a is small enough then 
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f{to) will be less than any prescribed positive number. We set a — ^t*e For 
this choice of a we have that a < to < ^t* , and /(<o) < T5**- "^i ^^'^ 
be unique points such that J^^ ^dr — ^dr — 0.1. From the Lemma f3. 61 we 
can canonically construct two cutoff functions 4>i and (f)2 such that for the smooth 
function 

otherwise 



we have 9i{T)dT — 1. We fix a smooth nonnegative bump function 62 which is 
outside [0, 1] and 92{T)dT — 1 and define 9i as 

lit) = < 9iit) te [a,to] ■ 




otherwise 
The solution to the equation [T31 is 

(16) ipx{t)=t+ [ [ X9i{a)dadT. 



JO 



On the half interval [to, 00) the function ipx is strictly increasing for all A. Therefore, 
its graph in the (t, s)-plane has a unique intersection r(A) with the horizontal line 
s = t*. 

The family ipx has all the required properties. Properties 1, 2, 3, and 5 are 
obvious from the construction. The property 6 follows from the properties of cutoff 
functions. The first part of the property 4 is clear. For the second part, it is enough 
to show that ^a(^o) < From the construction we have 

i-to r-T g^* 

/ 9i{a)dadT < — - — a. 

a J a 



Then, 



i^xito) < a+ f (1-A) + A/ / 9i{cj)dadT 



OL 'J a 



fgt* 

< a + (1 - A)(to - a) + A ( — - a 

,^ ^, f9t* \ ^ fm* \ m* 



□ 



3.4. A deformation of W into Recall that we defined W to be the space 

of warped metrics in the disc Dtq whose scalar curvature is strictly bounded from 
below by B > 

(17) n=in~l) (^{n - ^j) > B. 
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Definition 3.3. Let h £ W. We call h a locally torpedo metric if, for some number 
c with To > c > 0, the metric /i is a warped metric /o (^0) 'i^^'^ 
Here, /o is the warping function of our fixed torpedo metric go. The space of all 
such metrics together with the induced topology is denoted by W^°'^. 

Remark 3.1. The number c in the above definition is a continuous function on 1^'°'^, 
c : W^°'^ — > (0, To] . To see this, fix a vector Uo G TqDto which has unit length with 
respect to the standard flat metric on Dto- Then, c(h) = . It is easy to 

see that c{h) does not depend on the choice of uq. 

The following two lemmas are cornerstones in the construction of a deformation 

of T4^ into 14^1°'= . 

Lemma 3.8. There exists a continuous function a: W ^ {0,To/2] and a continu- 
ous map 

such that 0) = Idw and for the metric h = ^i{h, 1) = (1, /) we have for all 

n> 1, the n-th derivative f^"'\a{h)) = 0. 

Proof. We write a metric h £ W as a. pair (1, /) on [0, T{h)] and define two contin- 
uous functions 



and 



pi(t) = min -l\LT(h) 
' 0<r<t 2/'(0) ^ ' 



be two nonincreasing functions on on [0,T(/i)/2], which are equal to T{h)/2 at 0. 
It follows that there exist unique numbers to, ti & [0, T{h)/2] such that to = Po(io), 
ti = pi{ti). We define t* := min(to, ti, 7o/2). It follows that on [0,t*] the function 
/ satisfies < /'(i) < 1 and f"{t) < 0, when t > and/'(0) = 1 and /" (0) = 0. 
Let B' = max(i, B'), where 

(n-l)(n-2)(l-n-iJ/2 



B' 



max 



and 



B" = 



mm 



[0,^*.] 2(n-l)//" 

•(n-2)l-/'2 /" Bf 



^i'.4^t']\ 8 //' 4/' 8(n-l)/' 



If Ci = min(C'i,B"), where Ci is such that 1 - C{Ci,t*) = ^\ + ^, then 1 - 
C(Ci,t*) > ^J\ + ^ > VB'. For a choice 



and 



= min (1 - (1 - CiCutnf) , l' 

we set a = a{Ci^2,t**). 
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Let V'A,Q be a family of curves from lemma rr5l above, corresponding to Ci, t* , 
and a; ipa a family of cm'ves from lemma rTTI above . corresponding to Ci,2 and t** . 
We define 



(18) ^iih,X) 



(l,/(^2A,a(t))), A e [0,1/2] 

(i,/(^i,„(^2(A-i/2)(t)))), A e [1/2,1] 



We have to show that the scalar curvature of ^'i(/i. A) is greater than B for all 
A S [0, 1]. If the warping function is f{tp{t)) then the scalar curvature is 

(19) (n - 1) (n - 2) ■' y \ ^ 2 '' \y \ 2'' ^^'^ 



During the first part of the deformation tp"{t) < until t reaches j§p-- For the 
scalar curvature to be greater than B for these values of t, it suffices to have 

{n - l)in - 2)(1 - f'Hij)^'') - Bfii^r 
2(n-l)/(V^)/"(^) 



This is a consequence of our choice of Ci. The only place where ip" might be 

1-10 '10 



nonnegative is the interval [jFjt* , jni*]- On this interval it suffices for to satisfy 



(n-2) {i-rm'^) ,rw ,,2 _ B fi^j) , 

^ ^ 2 /(V^)/'(^) 2(n-l)/'(^) 

for the scalar curvature to be greater than B. However, on this interval j^t* > 



Ht) > and 7/>'2 > ( 1 + . 



Therefore, 



in-2){l-rm /"(^) fl B'\ B 



> 



2 fWf'W f'W \2 2 J 2{n-l)^i^P) 

(n-2)(l-/'2(^)) /"(^) (n-l)(n-2)(l-/'2(^))-i?/2(^) 



2 /(V')/'(V^) 2/'(V.) 4(n-l)/(V')/'(V) 



> 



2(n-l)/'(^) 

(n-2)(l-r(^)) _ /'^(^) _ i? fW 
4/(V')/'(V) 2/'(V') 4(n-l)/'(^) 

> B">v". 

This shows that the scalar curvature remains strictly bounded from below by B 
during the first part of the deformation. 

To estimate the scalar curvature during the second deformation it is enough to 
look at the inequality [SHI This is, because after the first deformation on the interval 
[■^,t**] the inequalities < /' < C* = (1 - C(Ci,<*)) < 1 will be satisfied. We 
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have 

(n-2)(l-rWVy^) B /W 

2 /W/'W 2(n-l)/'(V;) 

^ (n-2) 

^ (n-2) 

2 t 

We define cr(/i) := a. Let (1,/) := 1). Then the property f^'^\a{h)) = 
foUows from the construction and the properties of cutoff functions. □ 

Definition 3.4. Let := {x € R*^ | < Tq < \x\ < Ti} be a euclidean 

annulus and /i is a metric on it. We call h an annular metric if (i) h is warped with 
the fibre metric d^^ the standard euclidean sphere of radius 1; (ii) near the boundary 
components SJ^C^ , z = 0, 1, we have that h — dt^ + ^^0?^^ for some constants > 0. 

We fix a family of annular metrics h which is continuous in Ti, Vi and the scalar 
curvature of h is strictly bounded from below by -B > 0. This definition makes 
sense since one can think of an annular metric as a warped metric on R x S*""^. 

This family h allows us to consider a deformation defined on a subdisc (sub- 
annulus) as a deformation in the whole disc (annulus) that is constant on some 
neighborhood of the boundary. 

Lemma 3.9. Let h (1, /) be a warped metric on the disc Dx(h) o,nd a G (0, T{h)), 
a < To/2, be such that f'-'^\a) =Oforalln> 1; < /' < 1, /" < on[0,f7]. Then 
there exists a positive number Sq and a family of metrics 5'2(/i, A, cr) = {g\,f\), 
A e [0, 1] on the disc Dt^ such that Vl'2(/i, 0,cr) — h, gi ^ 1, f\ = fa on [0, Tq], and 
the restriction of h to an annulus £^[t(/!.)-(5o.T(/i)] isometric to the restriction of 
^'2(/i, A, cr) to an annulus y^j for all A. The family ^2(^1 A, a) is continuous 

in h, a , and A. 

Proof. We take a linear deformation f\ = {l — A)/ + A/o on the interval [0, a]. In 
general, the condition in the formula 1 1 71 above is not convex. However, it is convex 
when B = and / is such that > f{t) < 1, f"(t) < for all / G [0,a] (/o 
can always be chosen to satisfy these conditions). That is, the scalar curvature 
for (1,/a) is positive for all A G [0,1], if the scalar curvature for / were positive. 
Since the family h\ = (1, f\) is compact, it is possible to find a number 1 > v > 
continuously depending on / such that the scalar curvature of the family vhx in 
the disc Da is bounded from below by B. We then plug this family in the disc Dtq 
using the fixed family of annular metrics h. The existence of Sq follows from the 
compactness of [0, 1]. □ 

Theorem 3.10. There exist a number S > and a continuous map 
(21) ^-.WxI^W, 

such that: (i) *(/i, 0) = h; (ii) 5'(/i, 1) G (Hi) '^{h,t) ^ h on the annulus 

D[To~s,To] for allte [0,1]. 



20 



VLADISLAV CHERNYSH 



Proof. Let W' = 5*1 (VF x 1) be the space from the deformation of lemma A 
metric h — (g, /) G W has the foUowing property. After reparametrization, we 
can write h — (I,/)- Then the warping function / on [0, r(/i)] is an odd smooth 
function, < /' < 1, /" < on the interval [0,/i(/i)], where ii{h) is a continuous 
function of metric (fi is the composition of a and the diffeomorphism function of g) 
and f {fi{h)) = 0, all n > 1. We also notice from the proof of Lemma f3. 81 that 
^'i does not change the metric on the collar of the boundary of DJj^^ of some fixed 
size Si. 

The required deformation is defined as 



where 4*2 is the deformation from Lemma [3.91 We take S := min((5i, (5o), where 6a 
is from Lemma 13.91 

After Proposition 1^31 we may assume that '^{h, 1) £ W^""^. This completes the 



We finish this section with a lemma that we will need in the proof of Theorem l4.1l 

Lemma 3.11. Let D[t^ t2] ^ euclidean annulus, and h he a warped metric on 
this annulus, i.e., in polar coordinates, h — g(t)^dt^ + f{t)'^d^'^, where d^"^ is the 
standard metric on S'^^^ . Let B > be a lower bound for the scalar curvature of 
h in L)[f^ f^]. Suppose that for some < e < (^2 — ii)/2 and some < rg we have 
5=1 and f = ro on [ti,ti + e] U [^2 — e, ^2]- Then there exists a continuous family 
of warped metrics h\, AG [0, 1] such that: 

(i) ho = h; 

(ii) hi = dt^ + r^d^ ; 

(iii) 3S > such that h\ = h whenever \x\ € [ti, ti + 6]U [^2 ~ 6, ^2],' 

(iv) Kh^ix) > B, all X e D[t^^t^], X e [0,1]. 

Proof, (i) The case B = 0. We may assume g = I. Set := (1 — A)/ + Arp, 
A € [0, 1]. From equation there exists A> 1 such that the scalar curvature of the 
family A^dt^ + fx{t)d^'^ is positive. One can easily write down the deformation hx. 
(ii) The case _B > 0. We introduce a function 



where D is the annulus on which h is defined. For the family h\ defined above the 
condition S{h\) > B does not have to hold. However, the condition S{h\) > 
(which was satisfied initially, i.e. when A = 0) will still hold. This allows to rescale 
the whole family h\ with a single scaling factor v, so that the scalar curvature of 
each metric in the rescaled family is greater than B. We plug this family vhx into 
the annulus using the fixed family of annular metrics h. □ 




proof. 



□ 



S{h) :— min Kh{x) 



4. Proof of the main theorem 



Let 



B = max I — min Kg„ [x), 




and 



W{N,t) = {5 e 7e+(M")| T*{g) = gN+gn,} , 
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where gw is a warped metric in the disc D!^^ such that the scalar curvature of 
is greater than B. Analogously, we define the subspace W^°'^{N, r) C W{N, r), cf. 
Definition \'^.'^\ 

The following theorem holds. 

Theorem 4.1. The subspace TZq{AI) is a weak deformation retract ofW{N,T). 

Proof. Without loss of generality we may assume that the tubular map r is an 
embedding on N xD^^, where Ti > Tq. 

We fix a continuous family T^^t, with (A,T) e [0, 1] x (0,To], of radial diffeo- 
morphisms of Dt^ with the following properties: 

(i) To^T = Id, aUTe (0,ro]; 

(ii) Ti t acts by multiplication by on Dtq] 

(iii) if T* > Tq is such that Ti^t{St') = Stq, then Ti^t is a radial isometry in 
some small radial neighborhood of St* ■ 

From R.emark lri.ll we have a continuous map 

c: W'°%N,t) ^ (0,To]. 
The retraction map r: W{N,t) TZq(M) can now be defined as a composition 

(22) W{N, t) ^ W^°''{N, t) ^ 7^+(M), 

where 5*1 = 5'(-, 1) is from the deformation 'i' : W x I ^ W that was constructed 
in Theorem rrrni and T(/i) = T* ^(^)(/i). 

The deformation D : Vl^ (iV, r) x / — > W{N, r) from Id to r is given as 

'4'(/i,2A) A e [0,1/2] 

T^(2A-i),c(.')(/^') AG [1/2,1]' 

where h' ~ ^'(/i, 1)- This proves that i o r ~ Id, i.e. that the map r is the right 
homotopy inverse for the natural inclusion map i. 

To show that r o z ~ Id on TZq (M) we begin with the following observation. For 
aU h e TZ^{M) the function c(4'(/i, 1)) = T = const < To/2. This follows from 
the construction of "if (see the proofs of Lemma Hi 81 and Theorem 13 .101 for details). 
This implies that for all such metrics there exists a constant T* > Tq such that 
r{h) is equal to the torpedo metric go on Dtq, is equal to a fixed warped metric 
It-w = g{t)^dt^ + f{t)^d^^ on the annulus D^Tg^T*] with g{t) = 1 in some small left 
neighborhood of T*, and is equal to a puUback metric on the annulus D^t* ,Ti]- The 
deformation that we are seeking consists of (a) applying ProDOsition l3 . 1 ll to deform 
/itt, to dt^ + rQd£,^; (b) contracting the annulus Tq < \x\ < T* to the sphere Stq and 
at the same time stretching the annulus -D[t*,Ti] back to the identity on D^To.Ti] by 
some family of diffeomorphisms which are radial isometrics near the boundary. □ 

Let gs G TZ^{M), s G S", be a continuous family of metrics and is a compact 
manifold. Then from Theorems 12.41 12.61 and 12.71 we conclude that there exists a 
continuous map 

GL: SxI^n+{M) 
such that (i) GL(s,0) = g,; (ii) GL(s, 1) G U^iM); (iii) GL(s,0) G VK(7V,t) 
implies that GL(s,t) G W{N,t) for all t G [0,1]. The last property follows from 
the construction of the map GL, the definition of the space W{N, t), and the fact 
that we can always choose GL to take place inside the image of the tubular map 
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T. This deformation is by no means unique and we call it a GL deformation for 
the family gs. 

Proof of Theorem \l.l[ It is enough to show that all the relative homotopy sets 
(23) nr{n+iR'r),W{N,T)) ^0, r > 1, 

and the inclusion map i : W{N, r) TZ^{M) is a bijection between path connected 
components of both spaces. 

We first show that i induces a bijection between the path components. Let 
hi, /i2 € W{N,t) and a: I ^ 7?.+ (Af") be a path between hi and /i2. Take some 
GL: / X / ^ 7^+(M) for the family a. Then GL{t, 1) e n^{M) C W{N,t) and 
GL(/ii,t), GL(/i2,t) e W{N,t) for aU t e [0, 1]. The path 

{GL{hi,M) <e [0,1/3] 

GL(a(3(t- 1/3)),1) t €[1/3,2/3] 
GL(/^2,3(l-t)) [2/3,1] 

is the required path. 

Let [a] e 7^^(7^+(A^"),VF(Af,r)), where a: (L>^S"'-l) (7^+(A/"), M/^(iV, r)) 
is a continuous map. Take a deformation 

GL: L*^ X / ^ 7^+(M") 

for the family a to conclude that [a] =0. □ 

Proof of Theorem M.'A We fix the standard euclidean metrics of radius 1 on and 
on and torpedo metrics on D'^~^ and on D^^^ of size Tq and radius 1. 

From the definition of a torpedo metric there exist a number e > such that, near 
the boundary of the disc, both torpedo metrics are products of the standard sphere 
with an interval of length e. 

Let Mo := Mi - (S"=x D To-e/2)- Then 

M2 = Mo y X 

This gives us an embedding of S"^''^^ M2 and a tubular neighborhood 

T2: S*"-*^-! X D^+i ^ M2". 

From Theorem O we have 7^+(A/l) ~ 7^([(Ml) and TZ+iNh) ~ 7^(!"(M2). 
But the space TZq{Mi) is homeomorphic to 'R,'^{M2) as can be seen by removing 
X DVr'' /n from Mi and removing S^^^^^ x _Di,+^ ,„ from A'h- In both cases we 

obtain the manifold Mq with the fixed collar x S"-^^^^ x [0, e/2] — > Mq and the 
space of positive scalar curvature metrics on Mq that restrict to the fixed product 
metric on this collar. □ 

References 

[Bes87] Arthur L. Besse, Einstein manifolds, Springer- Verlag, Berlin, 1987. 

[CarSS] Rodney Carr, Construction of manifolds of positive scalar curvature, Trans. Amer. Math. 
Soc. 307 (1988), no. 1, 63-74. 

[Gaj87] Pawel Gajer, Riemannian metrics of positive scalar curvature on compact manifolds with 
boundary, Ann. Global Anal. Geom. 5 (1987), no. 3, 179-191. 

[GL80] Mikhael Gromov and H. Blaine Lawson, Jr., The classification of simply connected man- 
ifolds of positive scalar curvature, Ann. of Math. (2) 111 (1980), no. 3, 423—434. 



ON THE HOMOTOPY TYPE OF K+(M) 



23 



[Loh92] Joachim Lohkamp, The space of negative scalar curvature metrics, Invent. Math. 110 
(1992), no. 2, 403-407. 

[Pal66] Richard S. Palais, Hornotopy theory of infinite dimensional manifolds, Topology 5 (1966), 
1-16. 

[Pal68] , Foundations of global non-linear analysis, W. A. Benjamin, Inc., New York- 
Amsterdam, 1968. 

[RSOl] Jonathan Rosenberg and Stephan Stolz, Metrics of positive scalar curvature and connec- 
tions with surgery. Surveys on surgery theory, Vol. 2, Princeton Univ. Press, Princeton, 
NJ, 2001, pp. 353-386. 

Department of Mathematics, University of Notre Dame, Notre Dame, IN 46556 
E-mail address: vchernys@nd.edu 



